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Abstrat An eigenvalue equation, for linear instability modes involving large sales in a onvetive hydromag-
neti system, is derived in the framework of multisale analysis. We onsider a horizontal layer with eletrially
onduting boundaries, kept at xed temperatures and with free surfae boundary onditions for the veloity
eld; periodiity in horizontal diretions is assumed. The steady states must be stable to short (fast) sale
perturbations and possess symmetry about the vertial axis, allowing instabilities involving large (slow) sales
to develop. We expand the modes and their growth rates in power series in the sale separation parameter
and obtain a hierarhy of equations, whih are solved numerially. Seond order solvability ondition yields a
losed equation for the leading terms of the asymptoti expansions and respetive growth rate, whose origin
is in the (ombined) eddy diusivity phenomenon. For about 10% of randomly generated steady onvetive
hydromagneti regimes, negative eddy diusivity is found.
1 Introdution
Aording to the present-day paradigm, magneti elds of most astrophysial objets  the Earth and the outer
planets of the Solar system having a molten metal uid ore [1℄, the Sun [2℄ and other stars, and even entire
galaxies [3℄  owe their existene to onvetive hydromagneti proesses [4, 5, 6℄. Convetion in the presene of a
magneti eld obeys a familiar set of equations: the Navier-Stokes equation with Lorentz and Arhimedes fores
for the ow, the magneti indution equation for the magneti eld, and the heat equation for temperature.
Virtually no analyti solutions of this system of equations are known exept for some signiantly redued ases
[7℄, under the assumption that ertain symmetries are present, or for spei initial onditions. The referred set
of equations may be used to simulate the evolution of astrophysial onvetive hydromagneti systems. This
approah was followed in [8, 9, 10℄, where magneto-onvetion in an idealised plane layer was onsidered, and in
[11, 12, 13, 14, 15, 16, 17, 18℄, where the outer ore of the Earth was modelled by three-dimensional equations
of hydromagneti onvetion in a spherial layer and, as a result, the predominant dipole morphology of the
Earth's magneti eld was orretly reprodued in omputations.
However, in pratie, aurate simulations for geo- and astrophysial real parameter values are lose to im-
possible, beause the limited power of available omputers prohibits omputations with the adequate spatial
(insuient memory) and temporal (insuient CPU power) resolution. The simulations done by Glatzmaier
and Roberts [11, 12, 13, 14, 15, 16℄ were performed for parameter values diering by several orders of magnitude
from those haraterising the outer liquid ore of the Earth. Nevertheless, the agreement between these simu-
lations and the geodynamo is surprising [18℄. The existene of sharp ontrast spatial strutures (e.g., Ekman
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boundary layer, whih emerges in onvetive ows in a rotating layer with no-slip boundary onditions, and the
instability of whih may be a soure of dynamo [19, 20, 21, 22, 23℄) and the prominent role whih turbulene
plays in the generation of magneti elds, indiate that suh a high resolution is indeed neessary in simulations.
Core-mantle oupling, whih is believed to ause deade variations of the length of day, is another geophysial
phenomenon involving small sales (topographi features at the boundary are unlikely to exeed 5 km in am-
plitude; see [1℄). Validity of numerial tehniques for smoothening the resolution ut-o, suh as employment of
hypervisosity, is questionable [24, 25, 26, 27℄.
A signiant unertainty in rheology relations [28℄ and parameter values [29℄ in the onvetive hydromagneti
equations (for instane, estimates of thermal diusivity for the Earth ore dier in several orders of magnitude
[1℄), makes it desirable to investigate typial regimes of behaviour of the solutions by varying the parameters in
ertain ranges and nding loations, in the parameter spae, of bifurations marking drasti hanges in behaviour
[30℄. A purely numerial approah to the implementation of this task would require a further signiant inrease
of the amount of omputations. Consequently, a semi-analyti approah, employing asymptoti relations, is
unavoidable as an alternative to both purely analyti and numerial approahes. Here we employ it to onsider
the problem of linear stability of three-dimensional onvetive hydromagneti steady states in a layer.
The harateristi spatial sale of the perturbed steady state is supposed to be muh larger than that of the
steady state. The ratio of the spatial sale of the ow (fast spatial variable) to the large sale of perturbation
(slow variable), ε, is a small parameter. (By small- and large-sale vetor elds we refer to elds involving
spatial sales of the order of the width of the layer and muh larger sales, respetively.) Applying methods of
the general theory of homogenisation of dierential operators [31, 32, 33, 34℄, we expand perturbation modes
and their growth rates in asymptoti series in the parameter ε and obtain a homogenised operator in slow
variables, ating on mean elds. Eigenvalues of this operator ontrol stability to large-sale perturbations. The
advantage of this approah stems from opening the possibility to disentangle the large and small sales and
fully resolve small sales by solving the so-alled auxiliary problems.
Generially, the multisale analysis reveals the presene of α-eet (see [35, 36, 37℄). The homogenised linear
operator is then the rst-order dierential operator. Consequently, the system is generially unstable, sine the
spetrum of the operator is symmetri about the origin (if a mode W(x) is assoiated with an eigenvalue λ,
thenW(−x) is a mode assoiated with the eigenvalue −λ). In onvetive hydromagneti systems whih possess
symmetry about a vertial axis or parity-invariane, α-eet is not present and the homogenised equations
involve a seond-order partial dierential operator, whose eigenfuntions are Fourier harmonis. Its eigenvalues
may be positive, implying instability. This phenomenon is referred to as negative (ombined) eddy diusivity
[38℄. Instability of this kind is weak: in the presene of α-eet the growth rate of the dominant perturbations
is O(ε), whereas it is O(ε2) when α-eet is absent. Evaluation of eddy tensors emerging in the homogenised
equations requires solution of auxiliary problems, whih are linear ellipti partial dierential equations in fast
variables. With just a single harateristi spatial sale involved, they are not too demanding numerially.
Multisale asymptoti analysis was suessfully applied to various problems of hydrodynamis and magnetohy-
drodynamis. The eet of negative eddy visosity arises in two-dimensional [39, 40, 41℄ and three-dimensional
[42, 43, 44℄ hydrodynami systems, if the ow is parity-invariant or if it is a Beltrami eld (in [42℄ large sale along
only one diretion was assumed). Eddy diusivity an be omplex [45, 44℄. In generi hydrodynami systems,
whih do not possess the properties mentioned above, similar expansions indiate the presene of the so-alled
AKA-eet (i.e. anisotropi kineti α-eet) [35, 36℄. In passive salar transport systems, eddy diusivity an
only enhane moleular diusivity [46, 47℄.
In the kinemati dynamo problem (onerning magneti eld generation, when the feedbak inuene of magneti
eld on the ow via the Lorentz fore is negleted), multisale expansions were apparently rst introdued in
[48℄ and [49℄ (where sale separation was related to fast rotation of the layer of onduting uid). Similar
asymptoti expansions in the kinemati problem (for ows, the amplitude of whih may depend on the sale
ratio) predit ourrene of α-eet [50, 51, 37℄. Generation of large-sale magneti eld by the negative magneti
eddy diusivity mehanism is possible for parity-invariant steady [52, 53, 54℄ (in [54℄, large sale along only one
diretion was assumed) or time-periodi ows [55℄, and by onvetive Bisshopp ell patterns [56℄, symmetri
about the vertial axis. Combined eddy diusivity tensors for large-sale perturbations of both the ow and
magneti eld onstituting a parity-invariant three-dimensional MHD steady state were derived in [57℄.
In the papers ited above two dierent sales were present in the system. Multisale expansions with three
spatial sales were employed in [58, 59℄ to study the small-angle instability [60℄ in onvetion in a rotating layer.
Evolution of a mean hydrodynami large-sale perturbation in the weakly nonlinear regime was onsidered in
the absene of magneti eld for two-dimensional parity-invariant spae-periodi ows [41, 61℄, and for three-
dimensional MHD systems [62℄. In [62℄ it is not required that the MHD state, nonlinear stability of whih is
examined, is either spae periodi or steady; equations for the mean ow and magneti eld are generalisations
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of the Navier-Stokes and magneti indution equation with an anisotropi (in general) ombined eddy diusivity
tensor and quadrati eddy advetion.
In setion 2, we present the equations for thermal onvetion in the presene of magneti eld and disuss
boundary onditions and symmetries. In setion 3, the multisale formalism is applied. In setion 3.1, an eigen-
funtion of the linearisation of a onvetive hydromagneti system and its assoiated eigenvalue are expanded
in a power series of the sale separation parameter and a hierarhy of equations is derived. In setion 3.2, the
solvability ondition, whih plays an important role in solution of equations of this hierarhy and in derivation
of an equation for the mean part of perturbation in the leading order, is disussed. In setions 3.3 and 3.4, the
rst two (order 0 and order 1) equations in the hierarhy are expressed as a linear ombination of the so-alled
auxiliary problems. In setion 3.5, we onsider the solvability ondition for equations at order 2 and thereby
derive the eigenvalue equation for the mean part of the leading terms in the expansions of the instability modes
and their growth rates. At this stage emerges the homogenised ombined eddy diusivity operator ating on
mean elds. In setion 4, we briey desribe the numerial proedure for solving the auxiliary problems and
present a set of basi elds whih lead to large-sale instability for appropriate physial parameters (namely
moleular diusivities). Finally (setion 5), we omment on possible extensions and limitations of the appliation
of multisale tehniques employed here to study the instability of onvetive ows in the presene of magneti
eld.
2 Equations of thermal onvetion in the presene of magneti eld
2.1 Time evolution of a onvetive hydromagneti system
Magneti eld generation by thermal onvetion is governed by the Navier-Stokes equation, the magneti in-
dution equation and heat transfer equation [63℄:
∂tV = V × (∂ ×V)− ∂p+ ν∂
2V
−H× (∂ ×H)− α(T − T0)G+ F˜,
∂ ·V = 0,
∂tH = ∂ × (V ×H) + η∂
2H+ R˜, (1)
∂ ·H = 0,
∂t T = −(V · ∂)T + k∂
2T +
σ
2
|∂ ×H|
2
+ S˜,
where V = (V1, V2, V3), H = (H1, H2, H3) and T , depending on position in spae x = (x1, x2, x3) and time
t, are the veloity eld, the magneti eld and the temperature, respetively. We use the notation ∂t ≡ ∂/∂t,
∂i ≡ ∂/∂xi and ∂ ≡
∑3
i=1 ei∂i, where ei is the ith anonial vetor. The term involving G (gravity, G = −g e3
for a horizontal layer) is the buoyany fore due to temperature variation and H × (∂ × H) is the Lorentz
fore. F˜ represents any other body fores ating on the uid, R˜ is due to imposed external urrents or magneti
elds, and S˜ desribes the distribution of external heat soures. ν is the kinemati visosity, η the magneti
diusivity, and α, k and σ are parameters related to thermal expansion, thermal ondutivity and eletrial
ondutivity, respetively. Solenoidality of magneti eld follows from the Maxwell equations. Flows are deemed
inompressible in line with the Boussinesq approximation. Heneforth, the system of equations (1) will be
referred to as CHM (onvetive hydromagneti).
We onsider the CHM equations in the spatial domain D = [0, L1]× [0, L2]× [0, L3], assuming periodiity in x1
and x2 diretions, and onsidering a nite layer in the x3 diretion. The boundary onditions at the surfae of
the layer are
• for the veloity eld:
V3|x3=0,L3 = 0,
∂3V1|x3=0,L3 = ∂3V2|x3=0,L3 = 0;
• for the magneti eld:
H3|x3=0,L3 = 0,
∂3H1|x3=0,L3 = ∂3H2|x3=0,L3 = 0;
• for the temperature eld:
T |x3=0 = T1,
T |x3=L3 = T2.
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It is onvenient to introdue the variable
θ = T − T1 − δTx3,
where δT = (T2 − T1)/L3, satisfying the uniform boundary onditions
θ|x3=0,L3 = 0.
A solution to the CHM system may possess symmetry about the vertial axis, provided the foring terms F˜, R˜, S˜
possess the same symmetry. A vetor eld Q is alled symmetri (about the vertial axis) if
Q1(−x1,−x2, x3) = −Q1(x1, x2, x3),
Q2(−x1,−x2, x3) = −Q2(x1, x2, x3),
Q3(−x1,−x2, x3) = Q3(x1, x2, x3);
and anti-symmetri if
Q1(−x1,−x2, x3) = Q1(x1, x2, x3),
Q2(−x1,−x2, x3) = Q2(x1, x2, x3),
Q3(−x1,−x2, x3) = −Q3(x1, x2, x3).
We all a salar eld f symmetri if
f(−x1,−x2, x3) = f(x1, x2, x3),
and anti-symmetri if
f(−x1,−x2, x3) = −f(x1, x2, x3).
Symmetries are essential to eliminate rst order (alpha) eets. In [43℄ parity-invariane is used to this purpose,
but, for a horizontal layer, symmetry about the vertial axis is more realisti. Furthermore, parity invariane is
inonsistent with the basi equations (1) for σ 6= 0. Under an appropriate foring, any hydromagneti onvetive
system will possess steady states with these symmetries.
2.2 Linearised CHM operator
Let us onsider a steady state solution, p˜, V˜, H˜ and θ˜, of the CHM system (1) and a small perturbation, peλt,
Veλt, Heλt and θeλt, of this steady state, where p, V, H and θ depend only on spatial variables. In what
follows, we will all the spatial proles of the perturbation elds, p, V, H and θ, a perturbation. Replaing p,
V, H, θ, respetively, by p˜ + peλt, V˜ +Veλt, H˜ +Heλt, θ˜ + θeλt in (1) and negleting seond order terms in
the perturbation, we obtain an eigenvalue problem for the perturbation:
AW = λW +

∂p0
0

 ,
∂ ·V = 0,
∂ ·H = 0.
(2)
Here, the blok notation introdued in [43℄ is used:
W =

VH
θ

 , (3)
is the (3 + 3 + 1)-dimensional blok olumn vetor ombining the 3 omponents of the ow, the 3 omponents
of the magneti eld and the temperature eld. In what follows, (3 + 3 + 1)-dimensional vetors of a similar
struture, will be used. The operator A is obtained by linearisation of the CHM equations in the viinity of the
steady state p˜, V˜, H˜ and θ˜; it an be represented as a blok matrix (ating on (3 + 3 + 1)-dimensional vetors
of the struture similar to (3)):
A =

 ν∂2 + V˜ × (∂ × •)− (∂ × V˜)× −H˜× (∂ × •) + (∂ × H˜)× −αG−∂ × (H˜× •) η∂2 + ∂ × (V˜ × •) 0
−(• · ∂)θ˜ − δTe3· σ(∂ × H˜) · (∂ × •) k ∂
2 − V˜ · ∂

 . (4)
Note that A preserves the symmetry of eldsW, symmetri (or anti-symmetri) about the vertial axis.
The omplete formulation of the eigenvalue problem (2) involves speifying spatial periods of perturbations,
whih an be any integer multiples of the periods L1 and L2. If the smallest of the periodiity boxes is onsidered,
the system of equations (2) is referred to as the problem of linear stability to short-sale perturbations.
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3 Linearised large-sale CHM equation
3.1 The two-sales expansion
In this setion we onstrut a homogenisation of the linearised CHM operator. Eigenvalues of the homogenised
operator ontrol linear stability of the CHM steady state to perturbations with spatial periods large enough for
the asymptoti behaviour to set in.
Following the method applied in previous studies [52, 53, 57, 55℄, we onsider fast variables, x, representing the
short sale dynamis, and slow variables, X = (X1, X2) = (εx1, εx2), representing the large sale dynamis. (In
a layer of nite width only slow variables in horizontal diretions are geometrially onsistent.) The parameter ε
is the sale separation. The perturbations p, V, H and θ are assumed to depend on both fast and slow variables.
We denote ∇i ≡ ∂/∂Xi and ∇ ≡
∑2
i=1 ei∇i.
Now we perform dierentiation in (2) applying the hain rule: ∂i → ∂i + ε∇i for i = 1, 2. This implies
A = A(0) + εA(1) + ε2A(2),
where
A(0) =

 ν∂2 + V˜ × (∂ × •)− (∂ × V˜)× −H˜× (∂ × •) + (∂ × H˜)× −αG−∂ × (H˜× •) η∂2 + ∂ × (V˜ × •) 0
−(• · ∂)θ˜ − δTe3· σ(∂ × H˜) · (∂ × •) k ∂
2 − V˜ · ∂

 , (5)
A(1) =

 2ν∂ · ∇+ V˜ × (∇× •) −H˜× (∇× •) 0−∇× (H˜× •) 2η∂ · ∇+∇× (V˜ × •) 0
0 σ(∂ × H˜) · (∇× •) 2k∂ · ∇ − V˜ · ∇

 , (6)
A(2) = Ξ∇2, with Ξ =

 ν 0 00 η 0
0 0 k


(7)
(Ξ is the moleular diusivity tensor). Note that A(0) and A(2) preserve the symmetries of both symmetri and
anti-symmetri elds, but A(1) exhanges their symmetry.
Next we expandW, p and λ in power series of ε:
W =
n∑
i=0
εiW(i) +O(εn+1), (8)
p =
n∑
i=0
εip(i) +O(εn+1), (9)
λ =
n∑
i=0
εiλi +O(ε
n+1). (10)
Eah oeientW(i) and p(i) in the expansions is a funtion of both x and X. Substituting these series in (2)
and equating the terms in εn, at eah order n, we obtain a hierarhy of equations:
 order 0:
A(0)W(0) = λ0W
(0) +

∂p(0)0
0

 , (11)
∂ ·V(0) = 0, (12)
∂ ·B(0) = 0, (13)
 order 1:
A(0)W(1) = −A(1)W(0) + λ0W
(1) + λ1W
(0) +

∂p(1) +∇p(0)0
0

 , (14)
∂ ·V(1) = −∇ ·V(0), (15)
∂ ·B(1) = −∇ ·B(0), (16)
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 order 2:
A(0)W(2) = −A(1)W(1) −A(2)W(0) + λ0W
(2) + λ1W
(1) + λ2W
(0) +

∂p(2) +∇p(1)0
0

 , (17)
∂ ·V(2) = −∇ ·V(1), (18)
∂ ·B(2) = −∇ ·B(1), (19)
 order n:
A(0)W(n) = −A(1)W(n−1) −A(2)W(n−2) +
n∑
i=0
λiW
(n−i) +

∂p(n) +∇p(n−1)0
0

 , (20)
∂ ·V(n) = −∇ ·V(n−1), (21)
∂ ·B(n) = −∇ ·B(n−1). (22)
Let 〈•〉 = (L1L2L3)
−1
∫
D
•dx1dx2dx3 denote the mean (over the fast variables in D) and {•} = • − 〈•〉 denote
the utuating part of a vetor or salar eld here denoted indistinguishably by •. The average 〈•〉 is the large
sale omponent of the respetive eld. It is possible to solve reursively all equations in the hierarhy, nding
all terms of the expansions (8)-(10). Only the equations up to order 2 are required to derive a homogenised
eigenvalue equation for the mean parts, 〈W(0)〉 and 〈p(0)〉, of the leading terms. It emerges as the solvability
ondition for the equation in the fast variables at order 2.
3.2 Solvability Conditions
Let P be the projetion into the subspae of (3 + 3 + 1)-dimensional elds, in whih the 3-dimensional vetor
omponents are solenoidal:
P

QVQH
Qθ

 =

QV − ∂QVpQH − ∂QHp
Qθ

 ,
where ∂2QVp = ∂ ·QV and ∂2QHp = ∂ ·QH . In what follows, we will solve equations of the form
PA(0)f = Pg,
where vetor omponents of f are required to be solenoidal; this equation is thus equivalent to
PA(0)Pf = Pg. (23)
By the Fredholm alternative [64℄, a solution of (23) exists if and only if Pg is orthogonal to the kernel of
(PA(0)P)∗, where ∗ denotes the adjoint operator. In other words, the solvability ondition for (23) is 〈Pg, c〉 = 0,
where c is any vetor in ker(PA(0)
∗
P) and 〈·, ·〉 denotes the L2 inner produt. As usual, the adjoint operator
A(0)
∗
an be derived performing integration by parts in the identity 〈A(0)
∗
W1,W2〉 = 〈W1,A
(0)W2〉. In the
present ase
A(0)
∗
=

 ν∂2 − ∂ × (V˜ × •) + (∂ × V˜)× H˜× (∂ × •) −e3δT + θ˜∂∂ × (H˜× •)− (∂ × H˜)× η∂2 − V˜ × (∂ × •) σ∂ × (∂ × H˜)− σ(∂ × H˜)× (∂•)
−αG · 0 k∂2 + V˜ · ∂

 .
Boundary onditions for the vetor elds in the domain of A(0)
∗
an be found from the ondition that boundary
surfae integrals, emerging in integration by parts in the salar produt 〈W1,A
(0)W2〉, vanish. It an be veried
that the boundary onditions that we assume hold for vetor elds in the domain of the adjoint operator as
well.
Our onstrution relies on the existene of vetor elds in ker(PA(0)P) with non-vanishing average horizontal
omponents of the ow and magneti eld (see a detailed disussion in [56℄). It an be easily established that the
dimension of the subspae of ker(PA(0)P), onsisting of suh vetors, is equal to the dimension of the subspae
of ker(PA(0)
∗
P) onsisting of vetors with non-zero horizontal spae averages. If c =

 cVcH
0


, where cV and
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cH are any onstant horizontal vetors, evidently PA(0)
∗
Pc = 0, sine A(0)
∗
c is a gradient. Suh onstant
vetor elds satisfy the boundary onditions under onsideration; therefore any suh c belongs to ker(PA(0)
∗
P).
Thus, ker(PA(0)P) is at least four-dimensional. In what follows, we assume that the dimension is four, whih
is generially the ase, and thus any non-zero vetor from ker(PA(0)P) has non-zero horizontal averages of the
ow and/or magneti eld omponents. Then the solvability ondition for (23) onsists of orthogonality of gV
and gH to onstant horizontal vetors, i.e. the horizontal omponents of 〈gV 〉 and 〈gH〉 must vanish.
3.3 Equations at order 0
Deoupling of the large- and short-sale behaviour is evident in the form of solutions of the equations emerging
at orders 0 and 1 in the hierarhy. Sine A(0) is an operator in the fast variables, short-sale variation of these
solutions is exlusively due to their multipliative dependene on solutions of (11)-(13) and (14)-(16)  the
so-alled auxiliary problems, whih are partial dierential equations in the fast variables.
Performing integration and using the boundary onditions, we nd that the horizontal omponents of the ow
and magneti eld omponents of 〈A(0)W(0)〉 vanish. Sine we seek solutions where 〈V(0)〉 and 〈H(0)〉 do not
vanish simultaneously, averaging of (11) implies λ0 = 0. The problem to solve beomes
A(0)W(0) =

∂p(0)0
0

 . (24)
By linearity,
W(0) =
4∑
i=1
ai Si, {p
(0)} =
4∑
i=1
ai S
p
i . (25)
The elds Si =

SViSHi
Sθi


and Spi are linearly independent solutions of the problems
A(0)Si =

∂Spi0
0

 ,
∂ · SVi = 0,
∂ · SHi = 0,
(26)
i.e. Si are linearly independent elds in ker(PA
(0)P). The gradient part of (26) satises
∂2Spi = ∂ ·
(
A(0)Si
)V
. (27)
Note that 〈p(0)〉 annot be determined at this order, sine derivatives in the fast variables in the r.h.s. of (24)
eliminate any averages in p(0). Si and S
p
i depend only on the fast variables. The oeients of the linear
ombinations ((25)), ai, depend only on the slow variables.
The four possible averages (onstant mean elds) in ker(PA(0)P), seleted by the boundary onditions, are
〈S1〉 =

e10
0

 , 〈S2〉 =

e20
0

 ,
〈S3〉 =

 0e1
0

 , 〈S4〉 =

 0e2
0

 .
Hene, the four auxiliary problems at order 0 are
A(0){S1} =

∂(S
p
1 − V˜1) + ∂1V˜
∂1H˜
∂1θ˜

 , (28)
A(0){S2} =

∂(S
p
2 − V˜2) + ∂2V˜
∂2H˜
∂2θ˜

 , (29)
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A(0){S3} =

∂(Sp3 + H˜1)− ∂1H˜−∂1V˜
0

 , (30)
A(0){S4} =

∂(Sp4 + H˜2)− ∂2H˜−∂2V˜
0

 , (31)
with Spi given by (27).
Solenoidal parts of the right hand sides of (28)-(31) are anti-symmetri and, sine A(0) preserves the symmetry
of elds, Si are anti-symmetri. Evidently, the order 0 auxiliary problems are of the form of (23), and their
solvability follows immediately from the periodiity of the CHM steady state V˜, H˜, θ˜ in horizontal diretions.
3.4 Equations at order 1
Averaging of (14) yields
〈
A(0)W(1)
〉
= −
〈
A(1)W(0)
〉
+ λ1〈W
(0)〉+

∇〈p(0)〉0
0

 . (32)
As in order 0, horizontal parts of the ow and magneti eld omponents of 〈A(0)W(1)〉 are zero. The same holds
for 〈A(1)W(0)〉 (this an be shown, integrating diretly the terms of the form of spatial derivatives and using
the boundary onditions, and exploiting the symmetry of the perturbed CHM steady state and anti-symmetry
in the fast variables of V(0) and H(0) when onsidering mean horizontal parts of the terms of the form of
V˜ × (∇×V(0))). (32) beomes
λ1〈W
(0)〉+

∇〈p(0)〉0
0

 =

00
0

 .
Thus, if λ1 6= 0, then 〈H
(0)〉 = 0 and 〈V(0)〉 = −∇〈p(0)〉/λ1. However, averaging of (15) over the fast variables
yields∇·〈V(0)〉 = 0, with 〈V(0)〉 and∇〈p(0)〉 belonging thereby to orthogonal subspaes. This implies 〈V(0)〉 = 0,
whih ontradits the original assumption that 〈V(0)〉 and 〈H(0)〉 do not vanish simultaneously. Therefore,
λ1 = 0, 〈p
(0)〉 = 0 and (14) redues to
A(0)W(1) = −A(1)W(0) +

∇p(0)0
0

+

∂p(1)0
0

 . (33)
From (25) we nd
−A(1)W(0) +

∇p(0)0
0

 = 4∑
i=1
2∑
j=1
Mij∇jai,
where
Mij = −BjSi +

ejSpi0
0


and
Bj =


2ν∂j + ejV˜ · • − V˜j −ejH˜ · •+ H˜j 0
−H˜ej · •+ H˜j 2η∂j + V˜ej · • − V˜j 0
0
∑3
k=1
(
∂jH˜k − ∂kH˜j
)
ek· 2k∂j − V˜j

 . (34)
The problem at this order redues to
A(0)W(1) =
4∑
i=1
2∑
j=1
Mij∇jαi +

∂p(1)0
0

 .
Therefore, by linearity,
W(1) =
4∑
i=1
2∑
j=1
∇jaiΓij +
4∑
i=1
biSi, (35)
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{p(1)} =
4∑
i=1
2∑
j=1
∇jaiΓ
p
ij +
4∑
i=1
biS
p
i , (36)
where Γij =

ΓVijΓHij
Γ θij


and Γ pij are mean-free linearly independent solutions of the auxiliary problem at order 1 :
A(0)Γij =Mij +

∂Γ
p
ij
0
0

 ,
∂ · ΓVij = −
(
SVi
)
j
,
∂ · ΓHij = −
(
SHi
)
j
.
(37)
Taking the divergene of the veloity omponent, we obtain a Poisson equation for Γ pij :
∂2Γ pij = ∂ ·
(
A(0)Γij −Mij
)V
. (38)
The average of p(1) annot be determined at this order, sine derivatives in the fast variables in the r.h.s. of
(33) eliminate it. In (35) and (36), bi depend only on the slow variables, and the elds Γij and Γ
p
ij only on the
fast ones. It is onvenient to solve (37) in the subspae of (3 + 3 + 1)-dimensional vetor elds, where vetor
omponents are solenoidal. Consider the substitution
Γij = Γ
′
ij +

 ∂ΠVij∂ΠHij
0

 .
The onditions
∂2ΠVij = −
(
SVi
)
j
, ∂2ΠHij = −
(
SHi
)
j
imply ∂ · Γ′
V
ij = ∂ · Γ
′H
ij = 0. At order 1 we have thus to solve eight equations:
PA(0)Γ′ij = P

Mij −A(0)

∂ΠVij∂ΠHij
0




(39)
for i = 1, . . . , 4 and j = 1, 2. Solvability of (39) an be easily veried by symmetry arguments, sine Bj hanges
the symmetry of elds.
3.5 The mean-eld equations for the CHM instability mode
At order 2 the solvability ondition is not trivially satised and yields equations for the large-sale mean
omponents of the instability mode. We onsider orthogonality of the r.h.s. of (17) to ker (PA(0)
∗
P), i.e.
〈
Cl, λ2W
(0) −A(2)W(0) −A(1)W(1) +

∇p(1)0
0

〉 = 0, (40)
∀Cl ∈ ker(PA
(0)∗P). From (35),
A(1)W(1) =
4∑
i=1
2∑
j,k=1
BkΓij∇k∇jai.
Sine Cl are onstant, (40) is equivalent to
λ2
4∑
i=1
〈Cl,Si〉ai −
4∑
i=1
〈Cl,ΞSi〉∇
2ai −
4∑
i=1
2∑
j,k=1
〈Cl,BkΓij〉∇k∇jai + 〈C
V
l ,∇〈p
(1)〉〉 = 0 (41)
From the system of equations (41), we nd ai; thenW
(0)
is obtained from (25). Thus, we have derived a losed
set of equations for the leading terms in the expansions (8)-(10) of eigenmodes and their growth rates. The
leading term in the eigenvalue expansion is λ2, i.e. λ = O(ε
2). This growth rate determines the harateristi
slow time sale of the large-sale dynamis: T = ε2t.
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Sine only horizontal omponents of CVl and C
H
l an be nonzero for onstant vetors Cl ∈ ker(PA
(0)∗P) (see
setion 3.2), we an hoose Cl = 〈Sl〉. This implies 〈Si,Cl〉 = δli (here δli is the Kroneker symbol). Then (41)
takes the form
λ2
4∑
i=1
δliai +
4∑
i=1
2∑
j,k=1
〈Cl,−ΞSiδjk −BkΓij〉∇k∇jai
+〈CVl ,∇〈p
(1)〉〉 = 0. (42)
This is an eigenvalue problem for the seond order partial dierential operator with onstant oeients, whih
is alled ombined eddy diusivity operator. It admits Fourier harmonis as eigenfuntions:
an(X) = aˆn(q)e
iq·X, 〈p(1)〉 = pˆ(q)eiq·X, (43)
where q = (q1, q2) is an arbitrary unit wavevetor and n = 1, ..., 4. Upon substitution we nd that the oeients
aˆn satisfy 

(λ2 + ν)aˆ1
(λ2 + ν)aˆ2
(λ2 + η)aˆ3
(λ2 + η)aˆ4

+E


aˆ1
aˆ2
aˆ3
aˆ4

 = −ipˆ(q)


q1
q2
0
0

 , (44)
where E is the 4× 4 matrix
Eli =
2∑
j,k=1
qkqj〈Cl,BkΓij〉. (45)
Averaging of (15) and (16) yields ∇ ·
〈
V(0)
〉
= 0 and ∇ ·
〈
H(0)
〉
= 0. By virtue of these solenoidality onditions
and (43),
(aˆ1, aˆ2) = aˆ
′
1(q2,−q1),
(aˆ3, aˆ4) = aˆ
′
2(q2,−q1).
Substituting these expressions into (44) and salar multiplying it by (q2,−q1; q2,−q1), we redue (44) to an
equivalent 2× 2 eigenvalue problem: [
(λ2 + ν)aˆ
′
1
(λ2 + η)aˆ
′
2
]
+E′
[
aˆ′1
aˆ′2
]
= 0, (46)
where
E′11 = E11q
2
2 − (E12 +E21)q1q2 +E22q
2
1 ,
E′12 = E13q
2
2 − (E14 +E23)q1q2 +E24q
2
1 ,
E′21 = E31q
2
2 − (E32 +E41)q1q2 +E42q
2
1 ,
E′22 = E33q
2
2 − (E34 +E43)q1q2 +E44q
2
1 .
Noting that q = (cos θ, sin θ), θ ∈ [0, 2pi], we obtain
λ±2 (θ) = −
b
2
(
1±
√
1−
4c
b
)
,
with b = ν+ η+E′11 +E
′
22 and c = νη+ νE
′
22 + ηE
′
11 +E
′
11E
′
22−E
′
12E
′
21. The maximum and minimum growth
rates,
λmax2 = max
θ∈[0,2pi]
max
{
λ+2 (θ), λ
−
2 (θ)
}
, (47)
λmin2 = min
θ∈[0,2pi]
min
{
λ+2 (θ), λ
−
2 (θ)
}
, (48)
are admitted for θ's denoted by θmax and θmin, respetively.
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4 Numerial Results
The auxiliary problems were solved numerially using pseudo-spetral methods to evaluate the ation of the
operators A(0) (5) and Bj (34) on the elds. In the nite diretion of the layer, the usual plane wave basis was
replaed by a half period sine or osine basis, agreeing with the boundary onditions:
f(x, y, z) =
∑
nkx , nky , nkz
fˆ(kx, ky, kz)e
i(kxx+kyy) sin(kzz),
for a salar funtion satisfying Dirihlet-kind boundary onditions, and
f(x, y, z) =
∑
nkx , nky , nkz
fˆ(kx, ky, kz)e
i(kxx+kyy) cos(kzz),
for a salar funtion satisfying Neumann-kind boundary onditions, with kx = 2pinkx/L1, ky = 2pinky/L2,
kz = pinkz/L3 and nkx , nky , nkz ∈ Z. For eah auxiliary problem, a linear system of equations in the Fourier
spae was obtained and solved numerially by the onjugate gradients method [65℄.
Asymptoti expansions for large moleular diusivities, as well as omparison with previous alulations for plan
form veloity elds [56℄, were used to validate the ode. As previously stated, the basi steady state must be
stable to short-sale perturbations, i.e. the dominant eigenvalue (λshort) of the operatorA must have a negative
real part. The dominant eigenvalue an be evaluated using the method used in [66℄ for perturbations in eah of
the two symmetry subspaes.
We want to model magneti instabilities in turbulent onvetive ows. For the reasons exposed in the intro-
dution, simulations of fully turbulent regimes are very resoure expensive. Within the sope of our approah,
steady states an be randomly generated with deaying energy spetrum. Suh states satisfy the basi equations
for the appropriate soure terms. Usually only a nite number of Fourier harmonis (kmin ≤ k < kmax) is
generated, the remaining being set to 0. Applying the appropriate linear transformations, we make sure that
the generated CHM steady states are solenoidal and possess the required symmetry. The oeients are then
normalised to obtain the desired energy spetrum and the norm (r.m.s.) of eah eld is set to 1. Algebrai
(E(k) ∼ k−ξ) or exponential (E(k) ∼ exp(−ξk)) spetra were used in [53, 57, 56℄.
Zheligovsky et. al. [53℄ found that ows with exponentially deaying spetra are statistially better dynamos.
However, in fully developed turbulene, the energy spetrum in the inertial range is known to be algebrai. In
this work, all elds have been normalised to have deaying algebrai energy spetra, with ξ = 4, for the Fourier
modes with 0 ≤ k < 7. Simulations have been arried out for the periodiity box of size 2pi × 2pi × pi, with the
resolution of 32× 32× 16 Fourier harmonis. An ensemble of 1000 instanes of CHM states has been generated.
It turns out that 110 out of 1000 generated ows exhibit negative ombined eddy diusivity (see Fig. 1). The
values ν = µ = κ = 0.5 were hosen that large so that to make sure that the randomly generated CHM states
were stable to short-sale perturbations. We have diretly heked, by omputation of the deay rates of the
dominant short-sale modes, that 30 of the generated CHM states from our ensemble are indeed stable; for 3 of
them eddy diusivity is negative. No instanes of CHM states unstable to short-sale perturbations were found
for these values of diusivities.
Figure 1 Statistis of eddy diusivity.
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In gure 2, the elds orresponding to one of the generated steady states are presented. The short-sale growth
rates are λshort = −0.5662, for symmetri perturbations, and λshort = −0.05175, for antisymmetri perturba-
tions. The maximum and minimum growth rates of large-sale perturbations are λmax2 = 1.426, for θ
max = 3.392,
and λmin2 = −1.165, for θ
min = 3.593, respetively. The maximum growth rate is positive (whih orresponds
to a negative eigenvalue of the eddy diusivity tensor), i.e. a large-sale instability is present. All the auxiliary
problems show a deaying energy spetrum (see gures 3-8 below) and the expeted symmetries an be observed.
Spatial short-sale struture of the large-sale eigenmode is dened by the leading termW(0) in the expansion
(8), and therefore by the elds Si (see (25)). Magneti eld in all of them (see gures 3-6) has the form of
distorted "retrograde olumns" [67℄ and onentrates near the horizontal boundaries of the layer. This kind
of struture is reprodued in their linear ombination W(0) for the most unstable mode (see gure 7). Suh
behaviour was originally notied in the non-linear evolutionary simulations [67℄ of magneti eld generation
by rotating thermal onvetion, and it an be attributed to the boundary onditions, namely, ideal eletri
ondutivity of the boundaries. It is interesting that this feature is quite robust  from the formal point of view
our problem is evidently quite dierent from the one onsidered in [67℄.
Steady state veloity Steady state magneti eld
Steady state temperature Steady state energy spetra
Figure 2 Basi (steady state) elds and orresponding energy spetra. Symmetry about the z-axis is observed in all of
the displayed elds.
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S1 : veloity S1 : magneti eld
S1 : temperature S1 : energy spetra
Figure 3 S1 elds and orresponding energy spetra. Anti-symmetry about the z-axis is observed in all of the displayed
elds.
S2 : veloity S2 : magneti eld
S2 : temperature S2 : energy spetra
Figure 4 S2 elds and orresponding energy spetra. Anti-symmetry about the z-axis is observed in all of the displayed
elds.
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S3 : veloity S3 : magneti eld
S3 : temperature S3 : energy spetra
Figure 5 S3 elds and orresponding energy spetra. Anti-symmetry about the z-axis is observed in all of the displayed
elds.
S4 : veloity S4 : magneti eld
S4 : temperature S4 : energy spetra
Figure 6 S4 elds and orresponding energy spetra. Anti-symmetry about the z-axis is observed in all of the displayed
elds.
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W
(0)
: veloity W
(0)
: magneti eld
W
(0)
: temperature W
(0)
: energy spetra
Figure 7 Short-sale struture of W
(0)
, for λ
max
2 . Anti-symmetry about the z-axis is observed in all of the displayed
elds.
Γ11 : veloity Γ11 : magneti eld
Γ11 : temperature Γ11 : energy spetra
Figure 8 Γ11 elds and orresponding energy spetra. Symmetry about the z-axis is observed in all of the displayed
elds.
5 Conluding Remarks
We have derived an eigenvalue equation for large-sale perturbation modes of a CHM steady state. On average
(over small spatial sales) the modes are, in the leading order, simple harmoni waves. Their growth rates are
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ontrolled by the ombined diusivity tensor, involving moleular kinemati visosity and magneti diusivity
and an additional tensor  the so-alled ombined eddy (turbulent) diusivity orretion, whih is anisotropi
(the entries of the matrix E′ depend on the diretion of the wave vetor q), and whih intermixes the inuene
of the ow and magneti eld. Originally this mutual inuene is due to advetion (the inuene of the ow on
magneti eld) and the ation of the Lorentz fore (the inuene of the magneti eld on the ow), but it has
now a dierent algebrai form  in partiular, unlike in these basi physial laws, it is, on average, linear.
We have found that about 10% of randomly generated steady CHM regimes, that are stable to short-sale
perturbations, exhibit negative eddy diusivity; suh steady states are unstable to large-sale perturbations.
However, the growth rate of the perturbation is quadrati in the sale ratio ε, i.e. it is small. Thus, this instability
an be observed only if the onsidered CHM steady state is stable to short-sale perturbations, whih would
have larger (O(ε0)) growth rates otherwise. Other ompeting linear instabilities may also persist. For instane,
in thermal onvetion in a rotating layer with free boundaries (with no magneti eld present), steady rolls,
steady square ells, standing and travelling waves near the onset were demonstrated [58, 59℄ to be unstable
to large-sale perturbations of a partiular form (the small angle instability), with the growth rates saling as
O(ε2) for the rolls and the ells, and O(ε) for the waves (here ε is the smallest sale ratio in the system); the
rolls and square ells possess symmetry about the vertial axis.
The restrition that the perturbed CHM state is steady an be lifted [62℄. Instead of averaging over fast spatial
variables, averaging over the spatio-temporal domain of fast variables must then be performed. This allows, in
partiular, to arry out the stability analysis of time-periodi CHM states. However, in any ase the perturbed
states are required to be symmetri (for instane, symmetry about the vertial axis, as onsidered here). Parity
invariane is another type of symmetry onsistent with the CHM equations, if the Joule term is negleted. Like
the symmetry about the vertial axis, it guarantees that no α-eet emerges and it allows to onstrut a seond
order ombined eddy diusivity operator by the same method of homogenisation.
Dierent multisale expansions are obtained for dierent sets of onditions imposed at the horizontal boundaries
of the layer. Often onsidered alternative boundary onditions inlude the no-slip ondition for the ow, an
isolator outside the uid layer ondition for the magneti eld, and heat insulating boundaries (zero heat ux
ondition) for temperature. They an be of interest, for instane, in geophysial appliations (for whih the no-
slip ondition at the outer kernel boundaries and the isolator ondition at the outer boundary of the spherial
layer are more appropriate than those onsidered here). The method of homogenisation that we have used relies
on the existene of onstant vetor elds in ker(PA(0)
∗
P). In addition to the two onstant horizontal vetors in
the ow and magneti eld omponents onsidered here, another salar onstant, a xed temperature, belongs
to ker(PA(0)
∗
P), if Joule heating is negleted (σ = 0) and the zero heat ux ondition for temperature is
assumed. Therefore, the proedure of homogenisation that we have used an be applied if, at least, one of the
following onditions is imposed on the horizontal boundaries: free boundaries, or onduting boundaries, or
no heat ux. Eah quantity, satisfying boundary onditions from this list, inreases dimension of the problem
for large-sale mean-elds obtained from the solvability ondition for the equations emerging at order 2. The
remaining ones (temperature in the partiular ase that we have onsidered here) are essentially short-sale and
only aet, via solutions of auxiliary problems at orders 0 and 1, the values of oeients in the ombined eddy
diusivity tensor for the large-sale quantities. The boundary onditions for whih this approah is not diretly
appliable (i.e. the no-slip boundary ondition for the ow, or the insulator ondition for the magneti eld,
or xed temperature) an apparently still be treated by the homogenisation method that we have applied, but
this requires onsidering boundary layers, inreasing signiantly the omplexity of the problem.
A ommon feature of astrophysial onvetive systems, suh as interiors of planets or stars, is rotation. A
straightforward inorporation of the Coriolis fore in the analysis is inonsistent with the homogenisation pro-
edure that we have used: averaging of the linearised Navier-Stokes equation (for the free boundary onditions)
shows that onstant average non-zero horizontal veloities give rise to a non-zero average Coriolis fore, whih
an be balaned only by a onstant gradient of pressure. This suggests an unbounded linear growth of pres-
sure, whih is not, however, unphysial: in a rotating system only pressure an oset the entrifugal fore. The
simplest way to overome the resultant algebrai diulties is to onsider the vortiity equation, for whih the
methods for onstrution of the two-sale expansion are appliable without any modiations.
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